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Abstract 

This paper shows that Grobner walks aiming for the eUmination of variables 
from a polynomial ideal can be terminated much earlier than previously known. 
To this end we provide an improved stopping criterion for a known Grobner walk 
algorithm for the elemination of variables. This results from two new geometric 
insights on Grobner fans: 

We show that for any given ideal 3 C K[xi, . . . , Xn] the collection of Grobner 
cones corresponding to J-specific elimination orders may contain Grobner cones 
in the relative interior of the positive orthant. Moreover we prove that the 
corresponding Grobner cones form a star-shaped region (the center being the set 
of all universal elimination vectors) which contrary to first intuition in general 
is not convex. 

Keywords: polynomial ideal, elimination, Groebner basis, Groebner fan, 
Groebner walk, basis conversion 



1. Introduction 

Elimination in systems of polynomial equations is a classical topic important 
in optimization and modeling. Given an ideal 3 of polynomials in K[X][[/] := 
K[a;i, . . . , Xn, ui, . . . , u„i\ over some field K, the task of eliminating the variables 
Ui can be solved by finding an ideal basis for the the so called elimination ideal 
3 n K[X], where K[X] = K[xi, . . . , x„]. This can be achieved using resultants 
(see [lH, [i], or [l^), or by calculating a Grobner basis (GB) for 3 with respect 
to some special monomial order (Q, Q), as for example, the pure lexicographic 
or block term orders. Concerning these approaches, the method using Grobner- 
bases has some important advantages, namely, the method is reliable and can 
algorithmically solve the problem in full generality. 
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In the Grobner basis approach one calculates a Grobner basis G^^^^^ with respect 
to a suitable monomial order ^oiim, such that those polynomials in G^^^^^ nK[X] 
form a Grobner basis for OfnK[X]. Calculating these very specific Grobner-bases 
directly, can in practice be rather difficult. Therefore the task of computing 
such a special GB is usually reduced to performing a Grobner walk, a method 
introduced by Collart, Kalkbrener, and Mall in 

The actual walk consists of a series of elementary GB-conversions which are 
easy to compute. Starting with some easily computable GB of I with respect 
to some order ^start, step-by-step, intermediate GBs for orders in between -<start 
and ^eiim are calculated. Each basis-conversion from one intermediate GB into 
the next is (in general) relatively cheap computationwise, keeping the overall 
amount of necessary calculations relatively low (see 

To handle the intermediate orders in any Grobner walk algebraically, one rep- 
resents them by weight- vectors and introduces the concept of a Grobner fan: 
Any proper monomial-order for monomials in K[X][[/] can be represented by 
some weight-vector in w G R"^'". The Grobner fan, introduced by Mora and 
Robbiano in is a polyhedral complex, which subdivides the weight vectors 
in M"'j!j™. Each cell of the Grobner fan is an equivalence class of such weight- 
vectors: 

Two weight- vectors are equivalent, if the monomial order they represent yields 
the same Grobner basis for 3 . The closure of such an equivalence class ia a 
Grobner cone, and the overall union of these cones forms the Grobner fan. Note 
that Grobner cones are polyhedral cones (see 

Concerning Grobner walks used in elmination of variables, Tran proposes in 



12l | to have the target monomial order ^eiim dependent on 3, combining the 
Grobner walk technique with a sudden-death-algorithm. 

So instead of using the same elimination term order for all ideals, Tran pro- 
poses to use an ideal- specific monomial order suitable (only) for elimination in 
the specifically given ideal. He characterizes these ideal-specific orders via the 
corresponding reduced Grobner-basis. 

In addition to being faster on some examined test bed cases, his approach gets 
rid of several algebraic technicalities involved in Grobner walks, such as the 
necessary perturbation of the weight- vector representing the elimination order: 

Grobner- walk algorithms are particularly fast, if the given path of the walk is 
generic. To achieve this, one has to perturb the target weight vector of the 



walk in a suitable manner (see e.g. [6|). In jl2| . Tran observed that using ideal- 
specific elimination orders, it suffices to end a Grobner walk in a Grobner cone 
adjacent to some elimination-vector (see below) which eases the requirements 
on the necessary perturbations. 

We refine Tran's findings by giving a more precise classification of those Grobner 
cones, which correspond to ideal-specific elimination orders. 
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1.1. Main result 

The main results of this paper are the foUowing: 

For any given ideal 3 C ]K[a;i , . . . , a;„ , ui , . . . , u„i] , the union of all Grobner cones 
belonging to Of-specific orders for the elimination of ui, . . . , u„i from 3 form a 
star shaped region around the set ri„ = {w G E^g™ : wi = 0, . . . , a;„ = 0}. 
This means that if one wishes to eliminate the variables ut from 3, i.e., one 
wants to calculate some Grobner basis for 3P|K[X], the orders -< that do yield 
such a Grobner basis have Grobner cones, whose union is a star-shaped region 
around r2„. 

Moreover we show that some of the Grobner cones which belong to 3-specific 
elimination orders intersect the border of the Grobner fan in the point zero only, 
meaning that roughly speaking, they are located in the relative interior of the 
Grobner fan. 

Both results are very useful when trying to eliminate variables using the Grobner 
walk- approach: First of all, we can improve the stopping-criterion for such a 
Grobner walk relative to the known result of Tran 13|. Moreover, knowing the 
geometric shape of the target-region can help improve the step-decision process 
in a Grobner walk towards an elimination-basis. 

Finally, in the general case, just as shown by Tran, using our algorithm, one 
can get rid of technicalities involved in the implementation of the Grobner walk 
such as the perturbation of the target- vector (see [3]). 



2. Notation 

In the following we introduce some general notation for polynomials and mono- 
mial orders. To avoid clashes with our distinct variables Xi and Uj, here we 
name all variables yi, assuming . . . , yn+m) = {xi, . . . , a:„, wi, . . . , Um)- So in 
the following we consider polynomials / — /q2/" where :— nr=a" ^ 
monomial with exponent a € and the coefficients fa are from some field 

K. 



2.1. Monomial orders and reduced Grobner-bases 

In the following let -< be some monomial order and f,g G We denote the 

leading term of / w.r.t. ^ by lt^(/), the leading monomial of / is denoted by 
lm^(/). The set It^(G') := {\t^{g) : g G G} is called the set of leading terms 
of G. 

Let 3 C IK[y] be some polynomial ideal, then the initial ideal of 3 w.r.t. ~< is 
the set (lt^(3)) :=({lt^(/) : / G 3} ). 

2.1.1. Reducing polynomials 

If lm^(5) = gay" divides any monomial f/sy^ in /, i.e. a < (3, then / is reducible 
by g w.r.t. ^, the polynomial / — 9 is called the reduction of / by g. In 

order to make some polynomial / non-reducible by a list of ordered polynomials 
gi, one uses the division-algorithm, which repetitively calculates the reduction 
of / by the gi. 
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Definition 2.1. Given an ordered tuple of polynomials G := {gi, . . . ,gk), us- 
ing the division algorithm (as in chap. 2, §3) one obtains the remainder 
rem^(/, G) G K[Y] of successive division of / by gi, . . . , t/fc. 

The polynomial rem^ (/, G) satisfies 



where rem^(/, G) can not be reduced by any of the gi, i.e., no monomial of 
rem^(/, G) is divisible by any lt^{gi) Q. Moreover, if / G 3 and G C 3, then 
by (P) one finds rem^(/, G) S 3. 

2.1.2. Reduced Grobner-bases 

In this work we consider normed reduced Grobner-bases: Let J C K.[Y] be some 
monomial ideal and let -< be some monomial order. A Grobner basis G for 3 
w.r.t. -< is called reduced if for every pair g,h ^ G, g ^ h one has that lm^{g) 
does not divide any monomial of h. Moreover G is called normed if for all g £ G 
the leading coeflScient is 1. 

Every ideal 3 C IKPF] has a unique finite normed reduced Grobner basis with 
respect to -< (see [1], 0), which we denote by GB_{3, ^). 

2.2. Weight vectors 

To algebraically work with monomial orders, it is helpful to represent them by 
weight vectors: The the set of all weight vectors J7 :— M"^™ is the non-negative 
orthant. Let / G K[Y] and a; G fi, then deg^{f) :— maxjw-^Q! : / 0} is the 
degree of / w.r.t. u. The initial form of / w.r.t. a; G 57 is defined as 



ytM) ■■= f'-y" ^he^e A:={ae N" : U^O, uj^a = degM)} ■ 



The initial ideal of 3 w.r.t. w is the set (lt^(3)) := ( {\t^{f) : / G 3} ). 
Definition 2.2. For a fixed ideal 3 C K[y], we say that u represents -< if 



We say that cj G 51 refines a monomial order -<, if for all pairs of monomials 
mi,m2 G [Y] one has that deg^(mi) < deg^{m2) implies mi -< m2. 

Note that any vector lu that represents some order -< is also refined by the 
converse does not hold in general Q . 

Not all weight vectors uj induce a proper monomial order but using some mono- 
mial as an additional tie-breaker does yield an order: 

Definition 2.3. Given an ideal 3 C K[y], a monomial order -<, and some 
weight- vector uj the monomial order (wj -<) is defined as follows: 
Let -<':= {lo\ -<), then 



\ or deg(^(mi) = deg^(m2) and jtii -< m2 

So {lu\ -<) corresponds to first (partially) ordering the monomials by deg^^ and 
using ^ as a tie-breaker. 



/ = ai5i H h Okgk + rem^ (/, G) 



(1) 



(lt„(3)) = {\U{3)) holds. 
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2.2.1. The Grdbner fan 

Definition 2.4. Given an ideal 3 C K[Y] and a monomial order -<, we define 
the Grobner cone of 3 w.r.t. by 

C^(3) := closure ( {tj e n : (lt^(3)) = (It^p))} ) 

where closure denotes the closure with respect to the standard topology in 

For complete information on Grobner cones, we would like to refer to here 
we repeat some facts of these cones, relevant to this paper: 
Each Grobner cone of 3 is a convex polyhedral cone with non-empty interior 
(^8,]) and the set of all Grobner cones forms a polyhedral complex, namely the 
Grobner fan C{3) {C^(3) : -< is some monomial order}. 

Moreover, each Grobner cone corresponds to some reduced Grobner-basis, i.e., 
all monomial orders, which are represented by the weight vectors within the 
same Grobner cone, will have the same reduced Grobner-basis. This implies 
that 3 has only finitely many different Grobner cones. Moreover we obtain we 
obtain the following relations between the Grobner cone of some monomial order 
-< and the vectors contained in this cell: 

Corollary 2.5. For a weight vector tu ^ fl and some order -< one has the 

following: 

-< refines uj ^ w £ (3) (2) 
uj represents -< <^ w G int( C^(3) ) (3) 

Moreover, if {uj\ -<) holds, then one has uj £ C-j(J). 

Here int(C) denotes the interior of C with respect to the standard topology. 
The implications in Corollary 12.51 follow directly from the definitions of the 
Grobner cone, for a proof see ^j. 

2.3. Geometry 

In the following we prove that some special set of weight- vectors is star-shaped, 
to this end we recall the following: 

Definition 2.6. A set 5 C M"+™ is called star-shaped with center C C S*, if 
for any two points s G S and c G C the section ms is contained in S. 

2.4. Universal elimination orders 

In the following we assume 3 to be some ideal in K[X][J7]. A class of monomial 
orders, which provides a reduced Grobner basis for the elimination ideal is the 
set of elimination orders; these orders are traditionally used to calculate the 
elimination Ideal via Grobner-bases. 
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Definition 2.7. A monomial order -< on K[X][?7] is called universal elimina- 
tion order for U, if 



lt^(/)eK[X] ^ feK[X] 



V/eK[X][C/]. 



For example, the lexicographic order is a universal elimination order. Note that 
a universal elimination order can be used to calculate the GB of the elimination 
ideal for any given ideal; 

Lemma 2.8. If is a universal elimination order, then for every ideal 3, 
the set GB (J, -<) n K[X] is the reduced Grobner basis of the elimination ideal 



2.5. Ideal- specific elimination orders 

In contrast to universal elimination orders, in this paper we examine ideal- 
specific elimination orders, which serve to eliminate variables only for the specif- 
ically given ideal: 

Definition 2.9. (Ideal-specific elimination orders and vectors) 
Let 3 C K[X][C/] be an ideal and -< a monomial order with 



1. Then -< is called 3 -specific elimination order for the elimination of U. 
When clear which variables are to eliminate we abbreviate this to 3-specific 
elimination order, or just 3-EO. 

2. Any lu G C-j{3) is called 3-specific for the elimination of U (3-EV). 

Lemma 2.10. Let 3 C K[Ar][C/] be some fixed ideal. If ~< is an 3-specific 
elimination order for the elimination of U , then the set GB (3, ^) fl K[A"] is the 
reduced Grobner basis of the elimination ideal 3 fl K[Ar]. 

For a proof see [isj . 

So any 3-EO will yield a Grobner basis suitable for the elemination of the 
variables Ui from 3. But in contrast to universal elimination orders, an 3-EO 
will in general not work for other polynomial ideals. However, any universal 
elimination order is -by definition- also an 3-EO for any ideal 3. 
By Definition 12.91 if -< is an 3-EO, then any weight- vector in the Grobner cone 
G^{3) is 3-EV. The reverse statement holds for weight-vectors in the interior 
of a Grobner cone and for some weight- vectors w ^ on the boundary of fl as 
Lemmas 12.111 and 12.121 show: 

Lemma 2.11. Let 3 C K[A"][C/] be an ideal, -< some monomial order and let tu 
be some weight-vector representing i.e., uj G int( C^{3) ). Then -< is 3-EO 
if and only if ui is an 3-EV. 



3r\K[X]. 



For a proof see [13] ■ 



Vq e GB{3.<). 
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This lemma follows directly from the definition of w representing -<. For a 
complete proof we refer to [l3[ . 

The following lemma found in is used to obtain the main result in [l^], it 
shows that for any ideal 3 all universal EVs are 3-EVs, too. Geometrically, 
Lemma 12.121 proves that -< is CJ-EO if its Grobner fan contains points on the 
boundary of Q (the non-negative orthant) with positive values. 

Lemma 2.12. Let 3 C K[X][t/] be some ideal and -< some monomial order. If 
(0, w) G C^{3) holds for uj £ E™o, then -< is an 3-EO. 

Proof: See [H. 

Since each C^{3) containing some vector (0,w) with w > comes from some 
3-EO ^, and since these Grobner cones are closed, one concludes from Lemma 
12.121 that all vectors of the form (0,ZZ;), uJ G M™o are in fact 3-EVs. 

3. Main result 

Our main result is the following: 

Theorem 1. Let 3 be a polynomial ideal in K[xi, . . . , Xn, ui, . . . , Um] ■ 

The Grobner cones of all 3-specific elimination orders for the elimination of 

Ui, . . . , Um from 3 form a star-shaped region around the following face o/M"^'" ; 

r!„ := {c^ e R^+™ : lui = 0, . . . = 0} 

In order to prove this result (see page [T6| we start with some 3-EV a and 
some point r £ ^u- We then examine each intermediate (reduced) Grobner 
basis G arising in a Grobner walk from a to r. We need to prove that each 
of these fulfills the prerequisites of Definition 12. 9[ which in turn implies that 
G n K[X] is a Grobner basis for 3 D K[X]. To achieve all this, we will examine 
how Buchberger's algorithm calculates the intermediate Grobner-bases from a 
reduced Grobner basis with respect to the order (see Lemmas 14.81 and 14. 9p . 
Before we do so, we present a brief consequence of Theorem [TJ 

3.L The elimination algorithm by Tran 

The algorithm of Tran (Algorithm 1 in [l^] ) which calculates a Grobner basis for 
the elimination ideal by means of a Grobner walk can be significantly improved, 
by changing the termination criterion: 

Tran proves that monomial orders whose Grobner cones are on the boundary of 
the Grobner fan are ideal-specific elimination-orders. He then sets his algorithm 
to terminate when reaching such a cell. In Lemma 14.11 we prove that there are 
ideals J, for which there are 3-specific elimination orders, whose Grobner cones 
lie in the relative interior of the Grobner fan. In this regard, our Algorithm [1] 
is an improvement of Tran's version. 
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Algorithm 1. (Improved elimination algorithm) 
Input F^{h,...,U}CK[X][U] 

Ten, where r'^ = (0^,7"^) with 7 e M™o, 
(T G fi, such that is generic, 
^cr,^T refining ct resp. r. 

Output G C K[X], reduced Grobner basis of (F) D K[X] 
w.r.t. some (i^)-specific. EO for U. 

Init Calculate reduced start GB Gq := GB{{F) , ^a) 

fc := 0, 3:^{F), := ct, ^o:=^<t 

Step 1 IF ^fc is 3-EO RETURN G Gk n K[X] 

Step 2 rGB-walk: change cell 

-(2.1) k:=k + l 

(2.2) Find next weight vector ujk G oT, 

s.t. ujk-i ujk = t^fc-i T n C^^_^ (0^). 

-(2.3) Set ^fe:= (wfeH,). 

(2.3) Convert Gfe-i into Grobner basis Gk w.r.t. ^fc. 

(2.4) Interreduce Gfc. 
Step 3 GOTO Step 1 



Algorithm [T] as stated above, is in fact Tran's Algorithm in with a refined 
stopping-criterion. 

Theorem 2. Algorithmic terminates o-^d is correct. 

Proof. In each ujk the section WT crosses from some Grobner cone into another. 
Since there are only finitely many such transition-points ujk, the algorithm must 
terminate after a finite amount of steps. In case the algorithm stops before 
it reaches r, it terminates after calculating the reduced GB Gk for some (F)- 
specific elimination order, so Gk H K[X] is a Grobner basis for (F) n K[X] (see 
Lemma [2?T0l) . 

Note that r is on the border of the Grobner fan il and thus r is a valid choice 
as one of the LUk- If the algorithm does not terminate before it reaches the end 
of CTT , then in the final ^-th step, it assigns ui := r. Subsequently <i is Of-EO: 
Since -<t- refines t, one has (t| and t G G^^(3) by Corollarv l2.5l 

By r G ritj. Lemma [2 . 11! implies that -<£ is 3-EO, meaning that GB ((F) , ^„) n 
K[X] is a Grobner basis for (F) n K[X]. □ 



4. The geometry of ideal-specific elimination vectors 

In this section we prove three geometrical properties of the set of all elimination 
vectors for a given ideal. 
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We prove that for a given ideal 3, the Of-specific ehmination vectors form a set 
that is star-shaped. Moreover, we prove that this set in general is non-convex. 
Finally, we prove by example that an ideal 3 can have an 3-specific elimination 
order -<, whose Grobner cone C^(3) is -roughly speaking- in the interior of the 
Grobner fan of 3. By the latter we mean that (3) intersects the exterior of 
Grobner fan of 3 in the origin only. 

4.I. Cones in the interior 

Lemma 4.1. There are ideals 3 C K[X][C/] which have an 3-EO -< whose 
Grobner cone {3) intersects the boundary of the Grobner fan in the origin 
only. 

Proof. Consider the following ideal 3 = (x^ — 1, xu^ — x — u) C K[a;][it]. There 
are exactly three different reduced Grobner-bases of 3, which correspond to the 
three Grobner cones of the Grobner fan: 

Gi = jx2 - l,u2 - - 1} 

G2 = ix^ - l,xu - + l,u3 - 2u - a;} 

G3 = jx + 2w - 7/3, u-*- 37/2 + 1} 

Here the leading terms are given in bold letters. 




Figure 1: Grobner fan of 3 = (x^ — 1, xu^ — x — m) 

For i = 1, 2, 3 let Gi be the Grobner cones corresponding to the Grobner base 
Gi and let be some corresponding monomial order. 

Examining the polynomials in Gi and G2 in respect to Definition 12.91 one ob- 
serves that -<i and -<2 are Of-specific EOs for the elimination of u. We now check 
that the cone G2 must be in between the cones Gi and G3 (see Figure [T]): 
It is easy to check that for uj :— (1, 0)-^ one has Itj5-(G3) = It^g (G3) and Itij-(Gi) ^ 
It^ . (Gi) for z = 1, 2. This implies that ZU G G3 holds. In the same way one proves 

(o,irGGi. 

Since the Grobner fan considered here is two-dimensional, G2 must thus be in 
between Gi and G3. This proves that for 3, there is indeed an 3-EO (^2) whose 
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Grobner cone (C2) is in the interior of the Grobner fan, i.e., C2 intersects the 
boundary of the Grobner fan in (0, 0)"^ only. □ 



4-2. Non- convexity 

It seems intuitive at first sight that the set of all CJ-EVs should be convex, but 
this is in general not true. 

Example 4.2. Let 3 := (x + u + v,x'^ - l) C K[x] [u, v] and set a := (9, 12, 0)^, 
T := (9, 0, 10)^ e fl, and u := + = (9, 6, 5)^ G or. Let -<cr, -<t and -<uj 
be monomial orders represented by a, r, and uj respectively. 




Figure 2: Grobner fan for jf = (x + u + f, a;'^ — l) 



Quick calculation shows that the reduced Grobner-bases w.r.t. -<a- and -<t are 
the following 

GB_{3,-<„) = ju + .T + t;,x2 - 1} , 
GB_{3,-<r) = {v + a; + ?i,x2 - 1} . 

So by Definition 12.91 both a and r are CJ-specific elimination vectors for elimi- 
nation of the variables {u,v}. The reduced Grobner basis w.r.t is 

GB(3, -<^) = {x + u + V, + 2uv + - l} . 

Since one has lt^^(x + u + v) ^ x E M.[x] but x + u + v ^ R[x], by Definition 
12.91 -<i^ can not be U-specific for the elimination of u and v. 
Figure [5] depicts the Grobner fan of 3 (intersected with some appropriate hy- 
perplane) together with cr, uj and r. The highlighted Grobner cones C^^ , C^^ 
correspond to the CI-EOs and -<r- 

4-.3. Ideal-specific elimination vectors form a star shaped region 

Theorem [TJ the main result of this work, states that for every polynomial ideal 
3 C K[X][C/] the set of all H-EVs which eliminate U from 3 is star-shaped with 
center i7„ :— {lo £ D, \ lui, . . .io„ = 0} . Note that the correspond ing center fi^ 
is the set of all universal elimination vectors, for a definition see [13| . 
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4-3.1. A generic walk from an 3-EV to flu 

In order to prove Theorem [1] (see page [16]), we examine what happens during a 
Grobner walk from some 3-EV a to some r G flu- We first examine generic walks 
a T in the Grobner fan. In this setting, we analyse what happens during a single 
basis-conversion step during the walk. To do so, we choose an intermediate point 
w € CTT which represents some intermediate monomial order. Algebraically this 
translates to the following: 

General Assumptions 4.3. In Section 14.31 we use the following general as- 
sumptions: Let -<cr be some 3-EO and let t G 0„. Moreover let a E int( C^^ (3) ) 
be such, that WT is a generic Grobner walk. 

Let uj £ a T be such that w represents some order ^^j, i.e., w G int( C^^ (3) ). 

To classify the intermediate points w G or, we calculate the reduced Grobner 
base w.r.t. using Bucherberger's algorithm (see Q) followed by a subsequent 
interreducing algorithm. When examining the new reduced Grobner-basis, we 
look at those polynomials of the Grobner basis Q = GB (3. -<a-) whose monomials 
reshuffle when ordered according to the new intermediate order (see Corollary 
14. 5p . Combining this analysis with knowledge on the polynomials of Q, one 
can prove that -<aj is an Of-specific elimination order - which implies that uj 
(and thus each weight-vectors on the Grobner walk) is an U-specific elimination 
weight- vector. 

The following lemma demonstrates, how monomials behave when sorted accord- 
ing to (T resp. uj: 

Lemma 4.4. Let a E Q be some 3-EV and t E Q^- Then for uj E Wt \ {t} and 

exponents a, 7 G N"g and /? G N™q one finds 

deg„{x°'ul^) > deg„(x'^) 

Proof. Let a — {crx,<Ju) and t = (0,t„) with a-x E R>o and au,Tu E K™q. Let 
moreover uj — t-a + {l~t)-T where t E (0, 1]. 

deg^(x"u'') > deg^(x'^) 

icrja+ +(l-t)rJ/3 > ta'^j ( since r„ > and /3 > 0) 

^ degjx'^u^) > degjx-^) 

Note that for l3 ~ the reverse implication is true, i.e., for /3 = one finds 

deg<,(x") > deg„(a;'^) 4=^ deg^(a;") > deg^(a;'^). 

□ 
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Lemma [4.41 implies the following; Let p G K[X][t/] be some polynomial. If p 
contains some monomial PqX" £ K[X] which is not in the initial form of p w.r.t. 
a, then PaX'^ is also not in the initial form of p w.r.t. uj G ctT. Conversely this 
means the following; 

Corollary 4.5. Let a,T and uj be as in the general Assumptions ^^ Then for 
any p G K[X] \U] one finds 

it^^{p)enx] => it^Ap) = it^Ap)&nx] 

Proof. The statement in Corollary 14.51 is a direct consequence of Lemma 14.41 
Assume \t^^{p) = G K[X] for some p G K[X][J7], then by Lemma [4.41 one 
can not have It^^(p) ~ x^u^ unless (3 — a and 7 = 0, since otherwise by 
(ieg„{x^u^) > deg^{x°') one had deg^(a;'^u''') > deg;^(a;") in contradiction to 
lt^^(p) = a;". □ 

After clarifying which monomials of some polynomial might change place, when 
being resorted by a as opposed to being ordered by w, we now deduce what this 
implies for the polynomials calculated in some basis-conversion along a Grobner 
walk. More precisely, during such conversions we trace those polynomials with 
a leading-term in K[X]: 

Definition 4.6. For any set G C and for some monomial order -< we 

set 

■.^{peG:\u{p)eK[X]}. 

Remark. Definition 14.61 implies: A monomial order -< is an 3-EO, if and only if 
li^ {GB(3, -<) ) C K[X] holds (see Definition [IH). 

4.3.2. Basis conversions via Buchberger's algorithm 

In the following we examine the reduced GB obtained in a single basis-conversion 
during a Grobner walk. To keep things tractable, we calculate the new reduced 
GB via Buchberger's algorithm and a subsequent reduction, which are both easy 
to analyse. In a real-world application, one would clearly do a computationally 
much cheaper basis-conversion, which nevertheless results in the same unique, 
reduced GB. 

Since our analysis specifically examines various steps of both the Buchberger 
and the interreduce-algorithm, we restate both algorithms in short form. Note 
that the interreduce step is crucial to the analysis, since using Definition 12.91 
one can only tell from a reduced GB wether the corresponding monomial order 
is an 3-EO. 
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Algorithm 2. Buchberger-Algorithm 



Input 

Output 

Step 1 
Step 2 



{/i, . . . , fr} C K[X][C/], some monomial order -< 
Grobner basis G of 3 = (Go) w.r.t. -< 



k := 0, Go 
-REPEAT 

(2.1) 

(2.2) 



Step 3 



-(2.3) 

-UNTIL Gk 
RETURN G 



{/i, ••.,/.} 

fc:=fc + l, H:^Gk-i 
For every pair {p,q) £ Gk-i,p=/^ q 

(2.2.1) calculate s :— Tem^{S^{p,q),Gk~i)- 

(2.2.2) \f s ^0 then H HU{s} 

Gk :=H 

Gfc-i 



The S'-Polynomial in Step (2.2.1) of the algorithm is defined as usual by 



S^{p, q) 



where x'' :— lcni(lni^(p) , Im^(g)) 



luipy luiqy 

i.e., x'^ is the least common multiple of the monomials Im^(p) and lm^{q). 



Lemma 4.7. In addition to the general Assumptions \J~^ let Q — GB (3, be 
the reduced Grobner basis of 3 w.r.t. -<^. Then one has 

1^5 (G) = 1^5 (G) and 

lt^„(.g) = \U^{g) Vgeli^U^)- 

Proof Since is an 3-EO, one has li^^ (G) C K[X] and thus for aU p e li^^^ (G) 
one must find It^^(p) G ]K[X]. This implies 

^Z{G)cj\ZiG). 

By Corollary 14.51 for every g G G one has 

(g) e IK[X] [J7] \ K[X] =^ (g) e K[X] [U] \ K[X] 

This implies 

iX{G)ciXiG), 

proving I]5ja) = li^'J^). 

Now let g G li5„(t/), then since -<a is an 3-EO, one has g e ]K[X]. By Corollary 



14.51 one concludes that the monomials within g obtain the same order when 
sorted w.r.t. as when sorted w.r.t. -<uj. This implies 

lt^„(.g)-h^J.g) ygeJ^ZiS). 



□ 
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Lemma 4.8. In addition to the general Assumptions let Q = GB (3, -<a)- 
In Algorithm\^with inputs Q and -<^, let Gk be the sets of polynomials calculated 
in step (2.3). Then one finds 

li^i (Gk) = 1^5 [G) Vfc > and 

Proof. The the second claim of Lemma is a consequence of Coroharv l4.5l and 
the properties of Q. Namely, since is 3-EO, one finds that for g G 
one has g £ K[X] and thus It^^(g) G ]K[X]. The latter together with Corollary 
improves It^^(g) = M^^g). 

Note that Algorithm [2] only adds polynomials to the basis, none are ever re- 
moved. This implies C C Gfc for all k. Moreover, by Assump- 
tions 14.31 <a is 3-EO which by definition implies li^ (^) ^ and thus 
li^ija) C li^JGfc) for all fc. 

To show the reverse inclusion, fix some Gk arising in Algorithm [21 with fc > 0. 
In regard of step (2.2.1), we need to show that for all p, g G Gk-i with p ^ q 
the (reduced) s-polynomial s — rem^^ (S'^^ (p, g), Gfc_i) fulfills cither s = or 

h^^(s) G ik[a:][[/] \k[a:]. 

Assume that It^^(s) = holds. We show the following contradiction: there is 
h G li5„(GA;_i) that reduces s. 

By Corollary 14.51 one concludes It^^(s) = It^^(s) = x". Note that s G 3, so 
since is a GB for 3 w.r.t. there is some polynomial h G Q C Gk-i such 
that \t^„{h) divides It^^(s). This implies lt^„(/i) G K[X] and thus h G K[X] 
since is 3-EO. This in turn means that lt^^(/i) G K[A] holds which by 
CoroUarv 14.51 implies \t^^{h) = \t^^{h). 

Therefore s can be reduced by /i G Gk-i w.r.t. -<^. This conflicts with the 
assumption s = rem^^ (P; 9)7 Gk^i), since such an s can not be reduced by 
any polynomial in Gk-i w.r.t. -<t^. This implies 

lit(G.) = l]^U^)- 

□ 
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Algorithm 3. Interreduce- Algorithm 
Input 



Output 

Step 1 
Step 2 



Step 3 



A Grobner basis H C K[X] [U] for some ideal 3 w.r.t. some mono- 
mial order -< 

GB (3, ~<), the reduced Grobner basis of 3 w.r.t. ■< 

H ■.= n 

-REPEAT 

(2.1) H:=H 

(2.1) r For each 17 

(2.2.1) calculate p' := rem^(p, H \ {p}). 

(2.2.2) set H:^{H\ {p}) U {p'j 

LUNTIL H^H 
RETURN H 



Lemma 4.9. Let -<„ and -<i^ he monomial orders for the ideal 3 with properties 
as in Assumptions \4- 3\ and let Q := GB_{3, be the reduced GB of 3 w.r.t. 
Let % he the GB of 3 w.r.t. -<i^ calculated hy Algorithm\^ with inputs Q and 
-<tj. And let J- he the output of the Interreduce- Algorithm\^ with inputs % and 
-<u). Then one finds 

\(^)=I]^U^) (4) 



Proof. We prove (by induction) that the claim on F in ^ holds for all inter- 
mediate sets H assigned in Step 1 and Step (2.2.2) of Algorithm [31 
Initially, one has H — H hy assignment, and by Lemma [4.8! one has J\^^{T-L) = 
I^^l(^) foi" the output H of the Buchberger-algorithm. 

For the induction step assume that the claim in (j4]) holds for some intermediate 
set H. Let p G H he the polynomial chosen in Step (2.2). In regard of Step 
(2.2.1) we examine the following two cases: 
Case 1: Let p G H nll'^jg). 

In this case, we show that there is no other polynomial in H which can reduce p. 
Assume that there is g G H\{p} where It^^(g) divides lt^^(5). First of all, due 
to It^^ (p) £ K[X] one has It^^ (g) G K[X] and thus by assumption of induction 
p,g & J\^^{Q). Since Q is a. reduced GB w.r.t. a, \t^^{g) does not divide 
It^^(p). Due to Corollarv 14.5! one has \t^^{g) = \t^^{g) and lt^^(|5) = It^^(p) 
this together with the previous statement is a contradiction to the assumption 
on g. This finally proves that for p G J\^^ (Q) one has p' — p in Step (2.2.1) and 
thus H does not change in Step (2.2.2). 
Case 2: Letp&H\ li^^ {Q). 

In this case, one can prove for p' := lem^^lp, H \p) that one has It^^(p') ^ 
K[X] \ {0} analogously to the proof of Lemma l4!8l This in turn proves that one 
has li^^ (iJ) = li^^ {H \ {p} Ll{p'}), which shows that the claim in (jH) holds 
for the new intermediate set H \ {p} U {p'}. 

□ 
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4-3.3. Proof of Theorem 1 via perturbation and generic walks 
In Theorem [1] we state that for a fixed ideal the set of weight-vectors suitable 
for elimination forms a star-shaped set with some center F . We prove this by 
examining what happens along a Grobner walk from some a in the set to some 
T in F. For generic walks, we will merely use the Lemmas 14.81 and 14.91 to prove 
Theorem [T] In what follows we will thus have to examine what happens during 
Grobner walks Wf which are not generic. 

If OT is not generic, we can resort to the generic case by perturbing a. The idea 
of perturbing a in order to make the walk generic has been already discussed in 
depth in [l[. The main difference to our work is that here we need to perturb 
a (see Figure [3]), not only such that the new Grobner-path cr'r is generic but 
also at the same time oT must in the neighbourhood of u't and a' needs to be 
an 3-EV. 

Definition 4.10. (Neighbourhood) 

Let 3 C K[X][J7] be some ideal and let v G E""^™ be some weight- vector. Then 
the Neighbourhood of x is defined as the union of Grobner fans containing v. 

i^ec-;(a) 

The neighbourhood of a set of weight-vectors A C M"^™ is defined as 

N{A) := U 




Wt C M{a'T) Wt ^ 7V(cr"T) 



Figure 3: Perturbations to the Grobner walk err with their valid/invahd neighborhoods 

Proof of Theorem [l] We have to show the following; let a, r be 3-EVs and let 
T e flu- Then w G ctt is 3-EV, too. 

In the following let be a monomial-order refining t, i.e. t G C^^(3). 
Case 1: Assume that or is a generic Grobner-path. By definition this means 
that cr is contained in the interior of some Grobner cone C^^(3), where -<o- is 



16 



an CJ-EO. Moreover, by being generic, ar only passes through the interior of 
Grobner cones or through interior-points of their facets. 

Define ^(^1= -<t), note that this implies oj S C^^{3). The reduced Grobner 
basis GB{3, -<^) can be calculated via the Algorithms [5] and [31 Using Lemma 
14.81 and Lemma 14.91 one finds 

JlX ( GB{3, ) = ( GB{3, ) C K[X]. 

This proves by Definition 12.91 that is an 3-EO, since for all g £ GB{3, 
one has g G ]K[X]. Therefore by Definition 12.91 a-' is an 3-EV, since ut G C^^. 

Case 2: Assume that or is not a generic Grobner-path. 

By Definition 12.91 there is some CJ-EO -<a with a G C^^{3). It is straight 
forward to see that one can perturb a to a' such that one has the following 
three properties: Namely that a' is in the interior of C^^ (3), cr'r is generic and 
OT C 7V"(gV) holds. 

Since now a'r is generic, we conclude from the analysis of Case 1 that for any 
uj e cr'r the order (a; \~<r) is an Of-EO. 

Correspondingly, the vectors in all Grobner cones C(;^|^^)(J) which comprise 
the neighbourhood of ct't are 3-EVs. 

Due to oT C M[a'T) this implies that any a; e oT is an 3-EV. □ 
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5. Conclusion and Outlook 



The work of Tran in both 13] and [12] provide proper algorithms to make use 
of Grobner walks in the elemination of variables from polynomial ideals. Tran's 
approach even simplifies perturbing the corresponding walk in order to obtain 
a generic walk. 

Our results refine this work. We provide a geometric interpretation of the set 
of ideal-specific elimination vectors. More precisely we prove that these weight- 
vectors form a star-shaped region. More surprisingly, we show that the corre- 
sponding region in general is not convex. 

Finally, we redefine Tran's stopping criterion and show that this yields a true 
improvement over Tran's original stopping criterion. Tran's criterion stops the 
walk whan reaching a Grobner cone containing the target weight-vector t, which 
in turn is part of the boundary of the Grobner fan. In contrast to this, we show 
that for some polynomial ideals one can terminate the Grobner walk in some 
"interior" Grobner cone, namely a cone whose intersection with the boundary 
of the Grobner fan is just the origin. To this end we provide an example ideal 3, 
for which there is an 3-specific elimination order whose Grobner cone C^(3) 
intersects the boundary of the Grobner fan in the origin only. 

A possible improvement to our work would be to check wether the star shaped- 
ness of the region of interest gives rise to cleverly changing the direction of the 
walk, leading to a more efficient zig-zag-walk. More precisely one would like to 
answer the following: 

If, in some step of the Grobner walk, the current Grobner cone borders (via a 
facet) to some cone of an ideal-specific elemination order, one could of course 
terminate the walk with a single step. Is it possible to cheaply determine such 
situations from the current Grobner basis? 
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